In this paper we investigate additional regularity properties for global and trajectory attractors of all globally defined weak solutions of semi-linear parabolic differential reaction-diffusion equations with discontinuous nonlinearities, when initial data uτ ∈ L 2 (Ω). The main contributions in this paper are: (i) sufficient conditions for the existence of a Lyapunov function for all weak solutions of autonomous differential reaction-diffusion equations with discontinuous and multivalued interaction functions; (ii) convergence results for all weak solutions in the strongest topologies; (iii) new structure and regularity properties for global and trajectory attractors. The obtained results allow investigating the long-time behavior of state functions for the following problems: (a) a model of combustion in porous media; (b) a model of conduction of electrical impulses in nerve axons; (c) a climate energy balance model; (d) a parabolic feedback control problem.
Introduction
Let Ω ⊂ R N , N ≥ 1, be a bounded and open subset with a smooth boundary ∂Ω, g : Ω × R → R be a measurable function, f 1 , f 2 : Ω × R → R are some real measurable functions such that f i (x, ·) is convex for a.e. x ∈ Ω, i = 1, 2. We denote by ∂f i (x, u) the subdifferential of a function f i (x, ·) at a point u for a.e. x ∈ Ω, for each u ∈ R, i = 1, 2. Note that u * ∈ ∂f i (x, u) if and only if u
We consider the semilinear reaction-diffusion equation with discontinuous/multivaluated nonlinearity: In many applications in the climatology and Earth sciences (a climate energy balance model; see, for example, Díaz et al. [11] [12] [13] ), biology and medicine (a model of conduction of electrical impulses in nerve axons; see, for example, Terman [40, 41] ), evolution models of mechanics (a model of combustion in porous media; see, for example, Feireisl and Norbury [15] ) etc, if the exterior force g satisfies the following stabilization like assumption: there exists g∞ : Ω → R such that all the integrals in the following formula exist and
|g(x, t) − g∞(x)|
2 dxdt → 0, t → +∞, (1.3) then the long-time behaviour of solutions of problem (1.1)-(1.2) is described by the respective autonomous problem with the exterior force g∞; see Remark 1.5 below and Diaz et al [12] (see also Ball [4, Section 6] ). Of course even if all solutions on the non-autonomous problem converge to the same attracting set of the respective autonomous problem, the dynamical properties in the non-autonomous setting are inherently different from the autonomous one (such as for example the concept of invariance). Therefore, we focus our efforts in the direction of problem (1.1)-(1.2) with the exterior force g∞. Since the interaction functions ∂f 1 and ∂f 2 depend on x, further, to simplify the conclusions, we assume that g∞ ≡ 0.
The main purpose of this paper are : (i) to prove the existence of a Lyapunov type function and justify energy equalities for all weak solutions of problem (1.1)-(1.2) in the autonomous case (see Theorem 2.2); and (ii) to investigate the long-time behavior of all weak solutions of problem (1.1)-(1.2), as time t → +∞, in strongest topologies (see Theorem 3.5).
We note that a large class of important models for distributed parameters control problems are also included in the formulation (1.1)-(1.2). In this sense, the set ∂f 1 (x, u) − ∂f 2 (x, u) can be considered as an admissible control set. The obtained results are applied to the following problems: (i) stabilization of a parabolic feedback control problem; (ii) a model of combustion in porous media; (iii) a model of conduction of electrical impulses in nerve axons; and (iv) a climate energy balance model; see Section 5.
We shall use the following standard notations: 
Remark 1.5. Let −∞ < τ < T < +∞ and g ∈ L 2 (τ, T; H). We note that each weak solution of problem 
We remark that the existence of a Lyapunov function for a class of parabolic feedback control problems and its applications were already announced in Gluzman et al. [17] . The global attractors for such kind of systems were at first proved in Valero [42] . Kalita and Łukaszewicz [23, 24] also imply the existence of the global attractor for the problems under consideration. Regularity properties of global and trajectory attractors were provided by Gorban et al. [19-21, 26, 28] .
In this article we also provide a Lyapunov function and the strongest convergence results for quasilinear parabolic PDEs with discontinuous and/or multivalued nonlinearities in a general setting. 
A Lyapunov Function of All Weak Solutions and its Application to the Convergence
Π τ,T u(·) ∈ C loc ([τ, T]; V) ∩ L 2 (τ, T; H 2 (Ω) ∩ V) and Π τ,T u t (·) ∈ L 2 (τ, T; H) for each −∞ < τ < T < +∞,
where Π τ,T is the restriction operator to the interval [τ, T];
Chepyzhov and Vishik [7, p. 18] . Moreover, there existsC > 0 such that for each u(·) ∈ K the following estimate holds:
Therefore, in particular, each bounded (in H) complete trajectory is bounded in V.
such z is called a rest point. We denote the set of all rest points by Z.
Definition 2.1. E : V → R is a Lyapunov function for K+, if the following conditions hold: (a) E is continuous on V; (b) E(u(t)) ≤ E(u(s)) whenever u ∈ K+ and t ≥ s > 0; (c) if E(u(·))
≡ const, for some u ∈ K, then u is stationary.
Let us set
where
e. x ∈ Ω, and for each u ∈ R, i = 1, 2. Therefore, the functions
, is a Lyapunov function for K+. Moreover, for each u ∈ K+ and all τ and T, 0 < τ < T < ∞, the energy equality holds
Proof. By the definition the function E is continuous on V, that is statement (a) of Definition 2.1 holds. Let us prove statement (b) of Definition 2.1. Let u(·) ∈ K+ be arbitrary and fixed and let 0 < τ < T < ∞. We denote the restriction of
and for a.e. t ∈ (τ, T) the equality holds: and for a.e. t ∈ (τ, T) the following equality holds:
as the linear combination of absolutely continuous on [τ, T] functions. According to formulae (2.3) and (2.4),
Since u(·) ∈ K+ and 0 < τ < T < ∞ are arbitrary, statement (b) of Definition 2.1 and the energy equality (2.2) hold.
To finish the proof we note that if E(u(·)) ≡ const, for some u ∈ K, then, according to energy equality (2.2), u is stationary.
Zgurovsky et al. [46, p. 56] and Kasyanov et al. [28, p.274] proved that for τ < T and for each weak solution u(·) of problem (1.1)-(1.2) on [τ, T] the following inequality holds:
Before the proof of convergence results for all weak solutions in the strongest topologies, we need to provide some additional estimates for weak solutions of problem (1.1)-(1.2). 
Remark 2.4. The proof of Theorem 2.3 is similar to the proof of Theorem 2 from Kasyanov et al. [28] , however it was proved under another assumptions on the interaction function.
Proof. Let τ < T and u(·) be an arbitrary weak solution of problem ( 
where C > 0 is a constant that does not depend on τ, T, ε, and u(·).
For any uτ ∈ H we set 
T; H); b) the following convergence hold:
as k → ∞, for each ε ∈ (0, T − τ), that imply statement (2.7). Let us prove (2.8). Theorem 2.2 yields the following energy equalities
The continuity of E on V and (2.7) imply 
is a Hilbert space, (2.9) and (2.13) imply (2.8).
Define real Banach space
Note that the existence of a Lyapunov type function allowed us to obtain the strongest convergence results in the space W(τ+ε, T) for all weak solutions of problem (
, where −∞ < τ < T < +∞ (see also Example 4.1 below).
Structure Properties and Regularity of Global and Trajectory Attractors
In this section we prove the existence of trajectory and global attractors for all weak solutions of problem (1.1)-(1.2) and investigate their structure and regularity properties. We denote the set of all nonempty (nonempty bounded) subsets of H by P(H) (B(H)).
Definition 3.1. The multivalued map G : R+ × H → P(H) is called a strict multivalued semiflow (strict msemiflow) if: a) G(0, ·) = Id (the identity map); b) G(t + s, x) = G(t, G(s, x)) ∀x ∈ H, t, s ∈ R+.
Define the multivalued map G : R+ × H → P(H) in the following way: 
Definition 3.3. The set A ⊆ H is called an invariant global attractor of G if the following three conditions hold: 1) A is invariant, that is A = G(t, A) for each t ≥ 0; 2) A be an attracting set, that is for each nonempty bounded subset B ⊂ H,
dist H (G(t, B), A) → 0, t → +∞; (3.2)
3) for any closed set Y ⊆ H satisfying (3.2), we have A ⊆ Y (minimality).
Let {T(h)} h≥0 be the translation semigroup acting on K+, that is
On K+ we consider the topology induced from the Fréchet space C loc (R+; H). 
(ix) for each u ∈ K the limit sets Proof. Statements (i)-(iii) follow from Kasyanov et al. [28, (see also references therein). According to Theorem 2.3 and the third equality from formula (3.3), since
is a bounded subset of L ∞ (R+; V) and A is a bounded subset of V.
Let us fix a positive constant M and a bounded in L ∞ (R+; H) set B ⊂ K+. If tn → +∞ be arbitrary, then
On the other hand, for each n ≥ 1 there exists yn(·) ∈ Π 0,M U such that 
Counterexample
In the following example we provide that the family Z of the rest points of problem ( 
Consider the problem:
Let us set
A ⊆ R, x ∈ R. Problem (4.1) has a countable number of solutions:
x ∈ Ω, n = 1, 2, . . . ; cf. Díaz and Tello [14] . Therefore, the subsequence {u 
Applications
Let us concentrate on the following four types of applications: (i) a parabolic feedback control problem; (ii) a model of combustion in porous media; (iii) a model of conduction of electrical impulses in nerve axons; and (iv) a climate energy balance model.
Example 5.1. (A parabolic feedback control problem).
In a subset Ω of R 3 , we consider the nonstationary heat conduction equation
with initial conditions and suitable boundary ones. Here y = y(x, t) represents the temperature at the point x ∈ Ω and time t > 0. It is supposed that g = g 1 + g 2 , where g 2 ∈ H is given and g 1 is a known function of the temperature of the form
In a physicist's language it means that the law is characterized by the generalized gradient of a nonsmooth potential j = f 1 − f 2 .
If Assumptions 1.1 and 1.2 hold, then all statements of Theorems 2.2 and 3.5 hold. Statement (ix) of Theorem 3.5 provides sufficient conditions for stabilization of the considered feedback control problem.
Example 5.2. (A model of combustion in porous media).
We consider the following problem:
where f : R → R is a continuous and nondecreasing function satisfying growth and sign assumptions, λ > 0, and H(0) = [0, 1], H(s) = I{s > 0}, s ≠ 0; Feireisl and Norbury [15] . Then all statements of Theorems 2.2 and 3.5 hold.
Example 5.3. (A model of conduction of electrical impulses in nerve axons).
where a ∈ (︀ 0, 1 2 )︀ ; Terman [40, 41] . All statements of Theorems 2.2 and 3.5 hold for problem (5.2).
Example 5.4. (A climate energy balance model).
Formulate the problem:
This energy balance climate model was proposed in Budyko [3] and researched also in Díaz et al. [11] [12] [13] . The unknown u(t, x) represents the average temperature of the Earth's surface, Q is a solar constant, S(x) is an insolation function, given the distribution of solar radiation falling on upper atmosphere, β represents the ratio between absorbed and incident solar energy at the point x of the Earth's surface (so-called co-albedo function). If h ≡ 0, then all the statements of Theorems 2.2 and 3.5 hold for problem (5.3).
Conclusions
Recent developments in the long-time dynamics (as time t → +∞) of solutions for various nonlinear evolution autonomous problems are based on the global and trajectory attractors theory for multivalued (in the general situations) semi-groups in the natural phase and extended phase spaces. An important class of problems under investigation is the so-called reaction-diffusion equation with discontinuous and multi-valued interaction functions. This class includes feedback control problems for diffusion processes, the evolution models of mechanics (a model of combustion in porous media), biology and medicine (a model of conduction of electrical impulses in nerve axons), climatology and Earth sciences (a climate energy balance model) etc. There are many publications, where authors investigate the regularity properties and long-time behavior of solutions (as time t → +∞) for such mathematical models ( see the Introduction and references). J.M. Ball's additional assumption (see, for example, [4, 5] ) on the existence of a Lyapunov type function for all weak solutions partially allows providing a solution to the problem stated in papers of J. Díaz et al. (see [11] [12] [13] [14] ) on the connection between the ω-limit set of each trajectory for evolution problem under consideration and the set of "rest points" (stationary solutions). In the paper the authors clarify these questions. In particular: (i) they give sufficient conditions for the existence of a Lyapunov function for all weak solutions of autonomous differential reaction-diffusion equations with discontinuous and multivalued interaction functions; (ii) they prove convergence results for all weak solutions in the strongest topologies; (iii) they obtain new structure and regularity properties for global and trajectory attractors. The results allow investigating the long-time behavior of state functions for the following problems: (a) a model of combustion in porous media; (b) a model of conduction of electrical impulses in nerve axons; (c) a climate energy balance model; (d) a parabolic feedback control problem.
